Time Synchronization Model by Malyshev, Vadim A., & Manita, A.
HAL Id: inria-00070788
https://hal.inria.fr/inria-00070788
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Time Synchronization Model
Vadim A. Malyshev, A. Manita
To cite this version:
Vadim A. Malyshev, A. Manita. Time Synchronization Model. [Research Report] RR-5204, INRIA.
2004, pp.26. ￿inria-00070788￿
IS
S
N
 0
24
9-
63
99
   
   
 IS
R
N
 IN
R
IA
/R
R
--
52
04
--
F
R
+
E
N
G
ap por t  
de  r ech er ch e 
Thème BIO
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Time Synchronization Model
V. Malyshev — A. Manita
N° 5204
May 2004
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)
Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30
 
	 !#"
$&%('*),+.-0/21354
∗ 67 %('*),89.:;) †
<>=@?A
BCDFEHGJILKNMPOF?2AQBRM>SUTWVYXWVYZYT\[^]UB2M
_(`FVYabBO#_c`dBe;fgX
hifYjUjkV5`POilNBm`dB2no=@B`ono=UBp,qsr5tgugvwGyxzf{Ktgu5ugvmG|tY}~jkfgZYBRM
2;UYY <>=UB2`FBfg`dBiObVObKLj,B2M
i = 1, 2
VY0j@fY`POdTWnXBRMV5pOF=@BXWTWpUB
R  #TOF= Ni j@fY`POdTWnXBRM(VYObKLjkB
i  fYno=jkfg`FOFT\nXWBVg(ObK^j,B i A
V;e5B2Mi#TOF=&nV5p@MbOofgp^Oe5BXWVNnTObK vi  xVY`dBV;e5B`  fgpLKj@fg`FOFT\nXWBVYcObKLjkB
i = 1, 2
ab]UA
j@MOdV
fYpLKQjkfg`FOFT\nXWBVYObKLjkB
j = 1, 2
#TOF=`of;OdB2M
N−1j αij s B@p@ljU=@f5MPBOF`ofgpkMPTOFTWVYp@MTWpQOF=UBnXW]@MbOdB`dTRf;OdTV5p.MPKLp@no=U`dVYp@TRf;OFTWVYp,S,B=@f{eLTWVY]U`sVYkOd=UT\McMPKNMPOFB2AVgj@fY`POdTWnXBRMsVYp
lNT,B2`FB2p5OsOdTA
B
MdnfYXBRM
t = t(N)
`dBX\f;OdTe5BOdV
N = N1 +N2 ^ d¡¢ ;£Y OFTWA
BMFK^pkno=U`FV5pUTW2f;OdTV5p  j@fY`POdTWnXB¤MFKNMbOdBAM  f5MPKLA
jNOFVYOFTOdn2M  Afg`FOFTWpUZ5fYXB
jU`dVYSUXWBA `dB2n]U`d`FB2p5O>B2[^]@fgOFTWVYp@M
∗ ¥§¦¨¥ª©«;¬;­.®o¯{°b±
† ²0³ ±´¶µ·­¹¸µoº¶» ³{¼¾½ ®o¿R» ³ µ·­ ¼¾½s½ ¿{ÀRÀYµ·­§».±PÁQÂÃ~¨¿ ½Ä½.¼ ®o¯¬;µ·¿R¯{Á;®d» ¼ µ·¯
µoº0Å¶® ½Ä¼ °#¨± ½ ±P®o­¹° ³ÆÇ ­Ä®o¯»È·ÉdÊ§ÈRËÌÊ§È·È·ÍoÎÏÐÒÑ¬g®o°P¿RÓ »ªÃµoº@Ôm®d» ³ ±bÕi®d» ¼ ° ½ ®o¯{ÁÔ±b° ³ ®o¯ ¼ ° ½ «gÔµ ½ °PµP´wÖ»Ä®d»Ä±(×¯ ¼ Ø ±P­ ½Ä¼ »ªÃ«LË·ËPÍ·Í·Í·ÉR«YÔµ ½ °bµF´c«;¨¿ ½Ä½.¼ ®RÑÙ ÊªÕi® ¼ Ó\ÚÕi®o¯ ¼ »Ä®ÛÕ#±b° ³ Ñ Õi®d» ³ Ñ Õ ½ ¿^Ñ ½ ¿
 ! #" !Q	0 !   i
	 
   Ep nV5p@MFTWlN?2`FB]Up@BA
VNlN?2XBlNBMFKLp@no=U`dVYpUT\Mdf;OFTWVYplNBOFB2AQjkM>jkV5]U`
N
jU`FVNnB2MdMPB2]U`dM 
¢ R      MFKLMPOF?2A
B2M#lNBj@fY`POdTWn]UXBRM  OdBA
j@M  MFK^pkno=U`FV5pUT\MFfgOFTWVYp  jU`dVLnB2MdMPB2]U`
 
	
! "$# %
&    !#"
DÌpZYB2pUB`ofgX  OdTA
BMPKLp@no=@`FV5pUTRf;OdTV5pjU`FV5SUXWBA nfYp¤S,BjU`dB2MFBp^OdB2lf5Mc§V5XXWV;iM  <>=UB2`FBfg`dB N MPKNMPOFBAM¹jU`dVLnB2MdMPV5`dM  ]Up@T OoM  j,B`oMPV5p@McBOdn  ~<>=UB`dBT\MfYp¤fgS@MFVYXW]NOdB~§j@=^KNMFTWn2fgXªOFTWA
B t  SU]NO>B2f5no=jU`dVLnB2MdMPV5` j§]@X @XWX\Mf=UVYA
VYZ5BpUB2VY]@M¶abVYS¤TWp¤TOdMV;#pjU`dVYj,B`cOdTA
B
tj = wj t, wj > 0  _c`dVYj,B`OFTWA
BT\M(A
B2f5MP]@`FBRlSLKmOd=UB#fgA
VY]@p5O
wj
VY@Od=UBabVYS  fYnnVYA
jUXWTWMF=UBRlSLKOF=@B#jU`FVNnB2MdMPV5`0§V5`Od=UB#]UpUTOcVgkOF=UB>jU=LKNMFTWn2fgX^OFTWA
B T0TOT\M>lNT\M§abV5Tp^O§`FV5A VYOF=UB2`j@`FVNnBRMFMFVY`oM (' V;Be5B`  Od=UB`dBT\M>fnV5A
A]UpUT\nfgOFTWVYp¤S,BObBB2pBRfYno=¤j@fYT`VYjU`dVNnBRMFMFVY`oM  #=UT\no=MP=UV5]UX\lXWB2f5l¤OdV¤lN`df5MbOdTWnno=@fYpUZYBVgOF=@BTW`#jU`FV5jkB2`>OFTWA
B2M <>=UB2`FBn2fgp S,BmA
fYpLKe;fg`dTWfYp^OdMVgB$)UfYnO#§VY`dA]UX\f;OdTV5pVYMF]@no= jU`dVYSUXWBA  MFBB+* %  } ,-Òc B#TWXXn2fgXWXOF=UBA
VLlUBXinV5p@MFTWlNB2`FBRl =UB2`FBOF=UBS@f5MPT\nA
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= α12(m2 −m1)
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¥§¦¨¥ª©
 
	
! "$# r
 L¢       E1+34  9   -
v, d > 0
   EA
t→ ∞
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f5MFMnB2p^OF`dB2Mo§VY`ObKLjkBRM 5fYp@lt
x(i)(t) =
1
Ni
Ni
∑
k=1
x
(i)
k (t),
Od=UBmBA
jUTW`dTWn2fgX¶e;fg`dTWfYp@nBRM
S2i (t) =
1
Ni
Ni
∑
k=1
(
x
(i)
k (t) − x(i)(t)
)2
fYp@lOF=UB2T`iA
BRfgp@M
µi(t) = Ex
(i)(t), l12(t) = µ1(t) − µ2(t), Ri(t) = ES2i (t)<>=@B§VYXWXV;#TWpUZzf5MPKLA
jNOdVgOFT\n`dB2MF]UXOdM=@VYX\l §VY`QfgpLK&MFB2[^]UB2p@nBVgij@fYT`oM
(N, t)
#TOF=
N → ∞ fgp@l
t = t(N) → ∞ 
 L¢   	
   9    1# 	
l12(t) →
v1 − v2
α12 + α21
,
µi(t)
t
→ α12v2 + α21v1
α12 + α218 MFMF]UA
BmpUV; Od=@f;O
Ni = ciN  #=@B`dB ci > 0, c1 + c2 = 1  L¢      E1 $##* 10+   0     	     9E !     $   t(N)$   1$ C# 	#-0 
N 
   t(N)
N
→ 0 G E1 Ri(t(N)) ∼ hκ2t(N) 
   t = t(N) = sN $ 1+ s > 0 G$ Ri(t(N)) ∼ h (1 − e−κ2s)N 
   t(N)
N
→ ∞ G E1 Ri(t(N)) ∼ hN 
*($  E     
κ2 > 0
  " 
  1	 E $   # 1 1#*  
 
h =
2α12α21 (v1 − v2)2
κ2(α12 + α21)3
.
¨¨ ¯J@Ï·É·ÈoÎ
}  (# 	E	
(  
   o
t → ∞
DÌpOd=UTWM#MFB2nOFTWVYp B#TWXWX¶jU`FV;e5B<>=@BVY`dBA 5 
 ¡¢ UR @     DÒOTWM]@MFB§]@XOdVnVYp@MFTWlUB`ik`dMPOOd=UB
nfYMFB#=UB2p
N1 = N2 = 1  <>=L]@MnVYp@MFT\lNB`Od=UBmjU`dVNnB2MdM
(x(1)(t), x(2)(t)) c Bm#TWXX¶jU`dV;eYBOF=kf;O#OF=@B`dBmB$)NTWMPOilNBOdB`dA
TpUT\MPOFT\nXTWA
T OoM
lim
t→∞
x(i)(t)
t
= v
§V5`
i = 1, 2
fYp@l MFVYA
B
v > 0  A
VY`dBV;e5B`
OF=@BwlNT\MbOd`FTWSU]NOdTV5p VgOd=UBz`ofgp@lUVYA e;fY`FT\fgSUXWB ρ(t) =
x(2)(t) − x(1)(t) OdBp@l@M>OFVMFVYA
BmlNTWMPOF`dTWSU]NOFTWVYp V5p R+  B¤nfYpwfYMdMF]UA
BOd=@f;O v1 = 0, v2 > 0  <>=@B
xzfg`93YV;e no=@fgTWp ρ(t) = x(2)(t) − x(1)(t) VYp R+Mdf;OdTWMP@BRM(Od=UB . V^B2SUXWTpnV5p@lNTOFTWVYp  Od=@f;O#T\M§`FV5A fgpLK x ∈ R+ Od=UB`dBTWM#fab]UA
j `dfgOFBOFV 0  SkV5]Up@lNBRlf{>f{K§`FV5A B2`FV  =UB`dBQT OBR[5]kfgX\M α12 + α21  DÒO§VYXWXWV;iMOd=@f;O ρ(t) T\MB`dZYVNlNT\n  <>=UBp fYM t → ∞Od=UB`dBB$)NT\MbOoMOF=UBmXWTA
TOFTWpUZ§TWpLe;fg`dTWfYp5O·lNTWMPOF`dTWSU]NOFTWVYp
F (x)
§VY`
ρ(t)  BO
t1 < t2 < ...
OdTA
B#A
VYA
B2p5OoMs#=UB2p
x(1)(t) = x(2)(t)  DÒOcTWMcnXBRfg`Od=@f;O tk− tk−1 fg`dB>TpklNBj,Bp@lUBp^O(`ofgp@lNV5A e;fg`dT 5fYSUXWB2M  B1)NjkV5pUBp^OFT\fgXWXWKlUTWMPOF`dTS@]NOFBRlm#T Od=j@fY`dfYA
BOFB2` α12+α21  DÒO0§VYXWXWV;iM¶OF=kf;O F (x) TWMB1)Lj,VYp@Bp^OFT\fgX#TOF=Od=UBlNBpkMPTObK
p(x) = λ exp(−λx), λ = α12 + α21
v2 − v1<>=L]@M  TOF=UBXWTWAQTOdM limt→∞ xi(t)t B$)NT\MbO  Od=UBp Od=UBK fg`dBmB2[^]@fYX  BOi]@MijU`dV;eYBOd=@f;OiOd=UBKB$)NT\MbOfYp@l
v = v1 + α12
∫
xp(x)dx
%5
DÌp¤¹fYn·O  OF=UBj@fg`FOFT\nXWB 1 A
V;e5B2Mc#TOF=nVYpkMbOofgp^OMFjkB2B2l v1 fgp@l¤jkB2`P§V5`FAMcV5pOF=@BiOFTWA
BTWp^OFB2`Fe;fgX [0, T ]TWp@lNB2jkB2p@lNB2p5OB$)NjkV5pUBp^OdTWfYXXWK lNT\MbOd`FTWSU]NOdB2l&ab]UA
j@MTp Od=UBj,V5MFT OdTe5BlNT`dB2nOFTWVYp  8 M T → ∞  OF=UBpL]UA~SkB2`Vg(Od=UB2MFBab]UA
j@MmfYMFKLA
jNOFVYOFT\nfgXWXWKB2[^]@fgX\M
α12T  fgp@lzOF=UB
A
B2fYpab]@AQj fYMFKLA
jNOFVYOFT\nfgXWXWKTWM
∫
xp(x)dx ILTWA
TX\fg`dXWK¤VYpUBmn2fgp ZYBO
v = v2 − α21
∫
xp(x)dx
§v^
2 `FV5A OF=@TWMifYp@l&%5B=@f{eYB
v =
α21v1 + α12v2
α21 + α12
 B { 5U    BO(]kMcjU`dV;eYB@`oMbO(OF=UBMFB2nVYp@lMPOdfgOFB2AQB2p^OcVgOF=UBOF=UB2VY`dBA  Bn2fgpjU]UO v1 = 0fYp@lno=@fYpUZYBOF=UB
nVLV5`dlNTWp@fgOFB~MFKNMbOdBA jU]NOFOFTWpUZ
m(t) = 0  : V5p@MPT\lNB2`fnVYpU@ZY]U`of;OdTV5pVg(jkfg`FOFT\nXWB2MfgOiOFTWA
B
t A. BpUVYOFBOd=UBj@fY`POdTWnXB  #=UT\no==@f5MinVLV5`dlNTWp@fgOFB m(t) = 0 f;OiOdTA
B t  fYMj@fg`FOFT\nXWB 0  BO
¥§¦¨¥ª©
 
	
! "$#  
p(t+2)
S,BOd=UBj@`FV5S@fgSUTWXWT ObK~OF=@fgOfgO(OFTWA
B
t+2
B2f5no=¤j@fY`POdTWnXBi#TWXWX,S,BTp@MFT\lNBiOd=UBTWp^OFB2`Fe;fgX
[0, 2v2] <>=@TWM>jU`dVYSkfgSUTWXTObKn2fgpSkB¤¹eYB`dK¤`dVY]UZ5=UXWKN(B2MPOFTWAf;OdB2l§`FV5A SkB2XV;*fYM
p(t+ 2) ≥ min(p01p2p1, p02p3p4)
<VjU`FV;e5BOd=UTWMnVYp@MFTWlUB`@`oMbOOF=UBn2fYMFB~#=UB2pOd=UB
j@fg`FOFT\nXWB
0
=@f5MObKLj,B
1  pklNB`OF=@TWMmnVYp@lNTOFTWVYp
p(t+2)
nfYpSkBB2MPOFTWA
fgOFBRl
§`FV5A SkB2XV; fYM
p01p2p1  #=UB2`FB p01 T\McOd=UBjU`dVYSkfgSUTWXTObK~OF=@fgOj@fY`POdTWnXB 0lUV^BRMpUVgO#lNV
fgpLKab]UA
j@M>TpOF=UBOdTA
BTp^OdB`de{fYX
(t, t+ 2)  p2 T\MOF=UBjU`dVYS@fYSUTWXTObKQOF=@fgOBRfYno=jkfg`FOFT\nXWBVYObKLjkB
2
ab]UA
j@M#f;O>XBRfYMPOV5p@nBOFV~OF=UBj@fY`POdTWnXB
0
TWp¤Od=UBOdTA
BTWp5OdB`de;fgX
(t, t+ 1)
fYp@llNVLBRMp@VgO#lNV
fYpLKA
VY`dBsab]UA
j@M(TpOd=UBiOdTA
BiTWp^OFB2`Fe;fgX
(t, t+2)  p1 T\MsOd=UBjU`dVYSkfgSUTWXTObKOd=@f;OB2f5no=Qjkfg`FOFT\nXWBiVgObKLjkB
1
ab]UA
j@MOdVMFVYA
BQj@fg`FOFT\nXWBVY(ObKLjkB
2
TWpwOF=UB~OFTWA
BQTWp^OFB2`Fe;fgX
(t + 1, t + 2)  INTA
TWXWfY`FXWK  ]Up@lUB`OF=@BnVYp@lUT OdTV5pOF=@fgOOd=UBjkfg`FOFT\nXWB
0
=kfYMObK^j,B
2  p(t + 2) nfYpSkBQB2MPOFTWAf;OdB2l §`dVYA S,BXWV; fYM p02p3p4 #=@B`dB
p02
T\M#OF=@BjU`dVYS@fYSUTWXTObK¤Od=@f;OOF=UBjkfg`FOFT\nXWB
0
lNVLB2MpUVgOlNVfgpLK~ab]UA
j@MTp Od=UBOdTA
BTWp^OFB2`Fe;fgX
(t, t+2)  p3 TWMcOF=UBjU`FV5S@fgS@TXWT ObKOF=@fgOBRfYno=
j@fg`FOFT\nXWBiVY,ObKLj,B 1 ab]UA
j@Mf;OXBRfYMPOcVYp@nB#OFVmOd=UBjkfg`FOFT\nXWB
0
TWp
OF=@B>OFTWAQBTp^OFB2`Fe;fYX
(t, t+1)
fgp@l
lNVLBRMspUVgOlNVfgpLKA
V5`FBab]UA
j@M(Tp
Od=UB#OFTWA
BiTWp5OdB`de;fgX
(t, t+2) 
p4
TWMcOF=UBjU`FV5S@fgS@TXWT ObKOF=@fgO(B2f5no=Qjkfg`FOFT\nXWB#VgObKLjkB
2
ab]@AQjkMsOFVMFVYA
B#j@fY`POdTWnXB#VYObK^j,B
1
TWp
OF=UB>OdTA
B
TWp^OFB2`Fe;fgX
(t+ 1, t+ 2) <>=UT\MmA
B2fYp@MOF=kf;OmOF=@B¤xfg`93YV;eno=@fYTp L =
{
x
(i)
k (t) −m(t), i = 1, 2; k = 1, ..., Ni
} Mdf;OdTWMP@B2M
Od=UB . VLBSUXWTWp nV5p@lNTOFTWVYp  <>=UB2p T OQTWMB`dZYVNlNT\n¤fgpkl =@fYM~MPV5AQBMbOof;OFTWVYpkfg`dKzlNT\MbOd`FTWSU]NOdTV5p  B#TWXX#`dTOFBpUV;*§V5`FA~]UXWfQ§V5`
v  f5MFMF]UA
TWpUZ=UV;BeYB2`#OF=kf;O αii = 0  2 VY`OF=UT\MiBpUB2B2lMFVYA
BAfY`FZ5Tp@fYXWMVY0Od=UTWMMbOof;OFTWVYpkfg`dK¤lNTWMPOF`dTWSU]NOFTWVYp 
 BO Ai(t) SkBOF=@BB2eYB2p5O~OF=@fgO¤f;OQOFTWAQB t fgO~Od=UB jkV5Tp^O m(t) Od=UB`dBTWM
fwj@fg`FOFT\nXWBVYiObKLjkB i fYp@l
qi = lim t→∞P (Ai(t))
S,BOd=UBQMPOdfgOFTWVYp@fY`FK&§XWTA
TOFTWpUZ^jU`dVYS@fYSUTWXTObK Vg
Ai   BO pi(y) S,B~OF=UBMPOdfgOFTWVYp@fY`FKnVYpklNT OdTV5p@fgX§]UpklNB`OF=UBnVYp@lUT OdTV5p
Ai
>jU`dVYS@fYSUTXWTObKlNB2p@MPTObKVgOF=UBQlNT\MbOofgp@nB§`FV5A
mOdV
OF=UBpUB2fY`FBRMbOij@fY`POdTWnXB  DÌp Od=UBmOdTA
BTWp^OFB`de;fgX [T, T + dt] OF=@Bj@fg`FOFT\nXWBmTWp m(t) AQV;e5B2M>#TOF=Od=UBMFj,BB2l
vi  fYp@l&AQV5`FB2V;eYB2`n2fgp Af3YB
V5pUBab]UA
j  <>=@TWMmZ5Te5B2M  §VY`mB1)UfgA
jUXWB]Up@lNB2`mOF=UB¤nVYp@lUT OdTV5p
A1  nVYp@MPOdfYp5O>A
V;eYB2AQB2p^O v1dt Vg m  fgpklOF=@B>ab]UA
jVY m OFVQOd=UBpUB2fY`FBRMbO>jkV5Tp^O##TOF=`dfgOFB α12dt <>=L]@M#f5M
T → ∞ B=@f{e5B
E(m(T+dt) |m(T ) ) −m(T ) = q1(v1+α12
∫
yp1(y)dy)dt+q2(v2+α21
∫
yp2(y)dy)dt+o(1)
fYp@lOF=UB2p
v = q1(v1 + α12
∫
yp1(y)dy) + q2(v2 + α21
∫
yp2(y)dy)
 ¢ 
0 ¢  @B    @CB   DÌpOF=UB~MbOofgp@lUfY`dlOF=@BVY`dK¤VY . VLBSUXWTpno=kfgTWp@M  MFBB*¾t -Ò TOT\MifYMdMP]@AQBRlOd=@f;OOd`dfYp@MPTOFTWVYp~jU`dVYS@fYSUTXWTOFTWB2Mfg`dBfYS@MFVYXW]NOFB2XKnVYp^OFTWpL]UVY]@M#TOF=
`dB2MFjkBRn·OOFVmMPV5A
Bj,V5MFTOFTWeYBAQBRfYMF]U`dB
µ
VYpOF=@BMbOof;OFBmMFj@fYnB DÒ>f;OOFTWAQB
0
fgXWX
x
(i)
k
fg`dB~lUT B`dBp^O  Od=UBpw§VY`mfYp^K t TOmTWMOd`F]UB~OF=kf;OmfgXWX x(i)k fg`dB~lUT B`dBp^Of  M <>=L]@MOd`dfYp@MFT OdTV5pzjU`dVYS@fYSUTWXTOFTWB2M
ª§V5`mB$)UfgA
jUXWB  §VY`OF=UBB2AS,B2lUlUB2l&no=@fgTWp&fgOOFTWAQBRM 0, 1, 2, ... fY`FBfYS@MFVYXW]NOFB2XKnVYp^OFTWpL]UVY]@M#TOF=Q`dB2MFjkBRn·OOFV  BS,B2MFZY]UBA
B2fYMF]U`dB>VYp (RN1−1+ ×RN2+ )∪(RN1+ ×RN2−1+ ) DÒsf;O>OdTA
B
0
MPV5A
BnVLVY`olNTpkf;OFBRM>nVYTWp@nTWlNB  OF=@Bpf  M  TWp@pUTOFBOFTWA
B τ Od=UBKSkBRnVYA
BfYXXlNTB`dBp^O 
¨¨ ¯J@Ï·É·ÈoÎ
   (# 	E	
(  
  o
N → ∞
DÒO T\Me5B`dK TWp^OF]UTOFTWeYBwOFV Tp^OF`dVNlN]@nBOF=@Bz§V5XXWV;#Tp@Z nV5p5OdTpL]UV5]@MAQVNlNB2X   BO mi(0, x), x ∈ R 
i = 1, 2,
S,B¤jkV^MPTOFTWeYB¤MFA
VLVgOF= §]@p@n·OdTV5p@M  Mi = ∫ mi(0, x)dx = 1  BnfgXWXsOd=UBA nV5p5OdTpL]UV5]@MAf5MFMlNT\MbOd`FTWSU]NOdTV5p@MVgObKLjkB
i
f;OOdTA
B
t = 0  <>=UBlNKLp@fgA
T\nMVgOF=UB
AfYMdMFB2MTWMmlUBOFB2`FA
TWpUT\MbOdTWn 5lU]U`FTWpUZ>OdTA
B
dt
§`FV5A BRfYno=mBXWBA
B2p5O
dm1
VYLOF=UBA
f5MFM¶OF=UBj@fg`FO
α12dtdm1
ZYVLB2MVY]NOfYp@lmlNT\MbOd`FTWSU]NOdB2M
nVY`d`FBRMPj,VYpklNTp@ZYXWK¤OFVOF=@B~AfYMdM
m2(x)  p@fgA
BXWK T OS,B2nV5A
B2MOF=UBQAfYMdMlNT\MPOF`dTSU]UOFTWVYpz#TOF=&lNBpkMPTObK
m2(x)α12dtdm1  fgp@leLTWnB 5 eYB`oMdf  TWp^OFB2`dno=@fYpUZYTWpUZ 1 fYp@l 2  xV5`FB2V;eYB2`(B2f5no=¤AfYMdMBXWBA
Bp^O>AQV;e5B2M#TOF=zeYBXWVNnTOFTWB2M
v1
fYp@l
v2
nVY`d`dB2MFjkV5p@lNTWpUZYXWK  2 `FV5A Od=UT\MBBRfYMFTXWKZ5BOXTWpUB2fY`BR[5]kf;OFTWVYpkM!5{¶.tY§V5`#AfYMdM#lNTWMPOF`dTWSU]NOFTWVYp
mi(t, x)
fgO#OFTWAQB
t
#T Od= OF=UBTWpUTOFT\fgX0nVYp@lNTOFTWVYpkM
mi(0, x) = fi(x)
% V; Bm#TXWX¶jU`dV;eYBnVYpLe5B`dZYBpknBVY N j@fY`POdTWnXBA
VNlNBX¶OdVQOF=UBnVYp^OFTWpL]UVY]@M>A
VNlNB2X 
 	
 !"#%$&(')
*+$&,
' B`dBBjU`dV;eYB<>=UBV5`FB2A t 
 BnV5p@MPT\lNB2`inVYp^OdTpL]UV5]@MOFTWAQBxzfg`93YV;ejU`dVNnB2MdM
ξN1,N2(t) =
(
x
(1)
1 (t), . . . , x
(1)
N1
(t);x
(2)
1 (t), . . . , x
(2)
N2
(t)
) .rY
#TOF=Od=UBMbOof;OdBMFj@f5nB
RN1+N2  DÒOdM>ZYB2pUB`of;OdVY`
(LN1,N2f)
(
x(1);x(2)
)
=

v1
N1
∑
i=1
∂
∂x
(1)
i
+ v2
N2
∑
j=1
∂
∂x
(2)
j

 f
(
x(1);x(2)
)
+
+
N1
∑
i=1
N2
∑
j=1
α12
N2
[
f
(
(
x(1);x(2)
)
i→j
)
− f
(
x(1);x(2)
)
]
+
+
N2
∑
j=1
N1
∑
i=1
α21
N1
[
f
(
(
x(1);x(2)
)
i←j
)
− f
(
x(1);x(2)
)
]
,
#=@B`dBOd=UB§VYXWXWV;#TpUZQpUVYOdf;OdTV5pT\M#]@MFB2l
(
x(1);x(2)
)
=
(
x
(1)
1 , . . . , x
(1)
N1
;x
(2)
1 , . . . , x
(2)
N2
)
,
(
x(1);x(2)
)
i→j
=
(
x
(1)
1 , . . . , x
(1)
i−1, x
(2)
j , x
(1)
i+1, . . . , x
(1)
N1
;x
(2)
1 , . . . , x
(2)
N2
)
,
(
x(1);x(2)
)
i←j
=
(
x
(1)
1 , . . . , x
(1)
N1
;x
(2)
1 , . . . , x
(2)
j−1, x
(1)
i , x
(2)
j+1, . . . , x
(2)
N2
)
,
T\M#lNB@pUB2lV5pS,VY]UpklNB2l
C1 5 §]Upkn·OFTWVYpkM 
¥§¦¨¥ª©
 
	
! "$# ,
 Bm#TXWXnV5p@MFTWlNB2`OF=UBXWTA
TOFTWpUZSkB2=@f{eLTV5]U`>VgOF=UT\M>jU`dVLnB2MdM#=UBp t = const  N1, N2 → ∞  DÒOT\M>pUVYO#nVYpLeYB2pUTWBp^O>OFVlNB2fYX¶#T Od=OF=UBMFB2[^]UB2p@nB
ξN1,N2(t)
VYjU`dVNnB2MdMFB2MSkBRnfY]@MPBOd=UBlNTWAQB2p@MFTV5pVY
Od=UBMPOdf;OdBmMPj@f5nBmno=@fYpUZYBRM#TOF=
N1, N2 . BpUVYOFB
MN1,N2(t) =


1
N1
N1
∑
i=1
δ(· − x(1)i (t)),
1
N2
N2
∑
j=1
δ(· − x(2)j (t))

 .
#=@B`dB
δ(x), x ∈ R, T\MOF=UB δ 5 §]Up@nOFTWVYp  Ep@Bnfgp MFBBOF=@fgO#OF=UBmZ5BpUB2`dfYXTWBRl§]Upkn·OFTWVYpkM
1
N1
N1
∑
i=1
δ(· − x(1)i (t)),
1
N2
N2
∑
j=1
δ(· − x(2)j (t))
`dBj@`FBRMPB2p5O¤B2A
jUT`dT\nfgX 0 lNB2p@MPTOFTWB2M 0 V5`¤AfYMdMPBRMVg§ObK^j,B
1
fYp@l
2
nV5`F`dB2MFj,VYp@lNTWpUZ5XKUQj@fY`POdTWnXBRM¤f;O
OdTA
B
t  <>=^]kM  T φ(x) = (φ1(x), φ2(x))  #=UB`dB φi ∈ S(R)  OF=UB2p§VY`E)NB2l x(1)1 (t), . . . , x(1)N1(t),
x
(2)
1 (t), . . . , x
(2)
N2
(t)
OF=UBeYBRn·OdVY`~§]Up@n·OdTV5p
MN1,N2(t)
T\MfXWTWpUB2fY`~§]@p@n·OdTV5p@fgX>VYp OF=UB e5B2n·OdVY`~OFBRMbO
§]@p@n·OdTV5p@M
φ  OF=kf;OiT\M
〈MN1,N2(t), φ〉 =
1
N1
N1
∑
i=1
φ1(x
(1)
i (t)) +
1
N2
N2
∑
j=1
φ2(x
(2)
j (t)).
2 T)wMPV5A
B T > 0  <>=UBp (MN1,N2(t), 0 ≤ t ≤ T ) nfYpzS,BnVYpkMPT\lNB`dB2lwfYMfxfg`93YV;ejU`dVLnB2MdMOof3LTWpUZTOdM~e{fYX]@B2MTWp Od=UBMFj@fYnB¤Vg>OdBA
jkB2`FBRl lNT\MbOd`FTWSU]NOdTV5p@M
S′(R) × S′(R)  DÌp OF=UBMPBR[^]UBXBnVYp@MFT\lNB`
S′(R) × S′(R) fYMfQOFVYj,VYXWVYZ5TWn2fgXMFj@fYnBB2[^]UTWjUjkBRl #T Od= OF=UB~MbOd`FV5pUZQOFVYj,VYXWVYZ5Kz¹MFBBIN]US 5MFB2nOFTWVYp}  tg ( TOF=UV5]NOXWV5MdM#VgZYB2pUB`ofgXWT ObKVYpUBn2fgpfYMdMP]@AQBOd=@f;OiOd=UBmOd`dfgabB2n·OdVY`dTBRMVgOF=UBj@`FVNnBRMFM
MN1,N2(t)
fY`FBc`dTWZY=^OnVYp^OFTWpL]UVY]@M0§]Up@nOFTWVYp@M#TOF=QXBªOXWTWAQTOdM  ILVTOTWMp@fgOF]U`ofgX5OFVnVYpkMPT\lNB`OF=@B>I35V 5`dVY=@VLl~MPjkfYnB
ΠT = D([0, T ], S′(R)×S′(R)) Vg@§]Up@n·OdTV5p@MVYp [0, T ] #TOF=Qe{fYX]@B2MTp S′(R)×S′(R)f5MfnV^V5`dlUTp@fgOFB
MPjkfYnBQVgOF=UB
jU`dVNnBRMFM
MN1,N2(t)  IL]USkMPBRn·OFTWVYp }  tB$)NjUX\fgTWp@M=UV; OdVTWp^OF`dVNlN]@nBOdVYj,VYXWVYZ5KVYpwOF=UT\MMFj@fYnB   BO B(ΠT ) S,B
OF=UB¤nVY`d`FBRMPj,VYpklNTp@ZCVY`dBX σ 5 fgXWZYB2SU`df  . Bp@VgOFB P TN1,N2Od=UBmjU`dVYS@fYSUTWXTObKA
B2fYMF]U`dBVYp (
ΠT ,B(ΠT )
)  TWp@lN]knB2lSLK¤Od=UBmjU`dVNnB2MdM (MN1,N2(t), 0 ≤ t ≤ T ) E]U`fYMdMP]UA
jNOdTV5p§VY`¶Od=UBOF=UB2VY`dBAHTWMOd=@f;O0§VY`0fYp^KiOFB2MPO§]Upkn·OFTWVYp
φ(x)
Od=UBcMPBR[^]UBp@nB 〈MN1,N2(0), φ〉B2f43LXK¤nVYpLeYB2`FZ5B2MfYM
N1, N2 → ∞  B>fgp^O>OFVjU`dV;eYBOF=@fgOfYM N1, N2 → ∞ Od=UBMFB2[^]UB2p@nBVgjU`dVYS@fYSUTWXTObKlNT\MbOd`FTWSU]NOdTV5p@M P TN1,N2=kfYMf>B2f43iXTWA
T O  fgp@lOF=@TWM0XTWA
T O0T\Mf>V5pUB 5 jkV5Tp^O¶A
B2f5MP]U`dB  OF=kf;OT\MOF=UB(VYpUXWKiOd`dfgabB2n·OdVY`dK (m1(t),m2(t)) 
0 ≤ t ≤ T  #=UTWno= T\MmOd=UBnXWf5MFMFTWn2fgX(MFVYXW]NOdTV5p&VY>OF=UBMFKNMbOdBA 5R 5 .tY  BMPj@XTO~fjU`dVLVg>Vg>OF=@TWM`dB2MF]UXO#Tp^OFVQOd=UBmpUB$)LO#ObV
jU`FV5jkV^MPTOFTWVYpkM 
   ¢  ¢  @  @¹¢
B   
$ # 	 !

    1# 	     # 4 {
P TN1,N2
}
N1,N2
 (
ΠT ,B(ΠT )
) 
 0  
   ¢  ¢  @  @¹¢
B  

- +$ # 	      # 4
P TN1,N2
 9
1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# 	E	
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  
    @    B 2
CB§VY`dBjU`FV;eLTWpUZ _c`dVYj,V5MFT OdTV5p } B¤MPOdfg`FO#TOF= MFVYA
B¤jU`dBXWTA
TWp@fg`dKXWBA
AfYM  B¤>fgp^OmOFVzjU`FV;e5BOd=@f;O>Od=UB¹fgA
TWXK¤VYlNT\MPOF`dTSU]UOFTWVYp@M
P TN1,N2
VgOF=UBm`ofgpklNVYA jU`dVNnBRMFM
(MN1,N2(t), 0 ≤ t ≤ T )  #T Od=e;fYX]UBRMTWp OF=@BMFj@fYnBVg#Z5BpUB2`dfYXTWBRl&§]Up@n·OdTV5p@M  TWMOFTWZY=^O  CK&Od=UB¤Od=UBV5`FB2A|v  5¤VY *   - .MPB2BfgX\MFVIN]US@MFB2n·OdTV5p }  tg  T OT\MMF]¤nTWBp^OmOdVjU`FV;e5BOd=@f;O§VY`fgpLKzOFB2MPOm§]Up@nOFTWVYp ψ = (ψ1(x), ψ2(x)) OF=UB¹fYA
TXWKzVY`ofgp@lUVYA jU`dVNnBRMFMFB2M
(〈MN1,N2(t), ψ〉 , 0 ≤ t ≤ T )  #T Od= e{fYX]@B2MmTWp R1  TWMmOFTWZY=^O  <>=@TWM#TWXWXSkBlUVYpUBTWpOd=UBm_c`dVYj,V5MFT OdTV5p"5Ru~S,BXWV; 
2 T)MFVYA
BOFB2MPO#§]Up@nOFTWVYp ψ = (ψ1(x), ψ2(x)) fgp@lnV5p@MPT\lNB2`Od=UBm`ofgp@lNV5A jU`dVNnB2MdM
Fψ,N1,N2
(
x(1)(t);x(2)(t)
)
= 〈MN1,N2(t), ψ〉 =
=
1
N1
N1
∑
i=1
ψ1(x
(1)
i (t)) +
1
N2
N2
∑
j=1
ψ2(x
(2)
j (t))
<>=@TWM~TWM~f§]Upkn·OFTWVYp Vg#OF=@BxfY`35V;ezjU`dVNnB2MdM
ξN1,N2(t)  OF=L]@M¹MFBB* r   B2AQAfzr  5  j  %"%Yu -Ä §VY`B1)UfgA
jUXWBR(OF=UB§V5XXWV;#TWpUZQObVQjU`dVLnB2MdMPBRM>fg`dBAfY`POdTpUZ^fgXWB2M!>
Wψ,N1,N2(t) = Fψ,N1,N2
(
x(1)(t);x(2)(t)
)
− Fψ,N1,N2
(
x(1)(0);x(2)(0)
)
−
−
∫ t
0
LN1,N2Fψ,N1,N2
(
x(1)(s);x(2)(s)
)
ds
.}5
Vψ,N1,N2(t) = (Wψ,N1,N2(t))
2 −
∫ t
0
LN1,N2F
2
ψ,N1,N2
(
x(1)(s);x(2)(s)
)
ds+
+2
∫ t
0
Fψ,N1,N2
(
x(1)(s);x(2)(s)
)
LN1,N2Fψ,N1,N2
(
x(1)(s);x(2)(s)
)
ds.
2 VY`iMF=UVY`FOFp@B2MdMB#TXWX#`dT OdB F (x(1);x(2)) TWp@MPOFB2f5lVY Fψ,N1,N2(x(1);x(2)) 
      E $## *  0 # C   # 

@ ∣
∣LN1,N2F
(
x(1);x(2)
)∣
∣ ≤ C1(ψ, v1, v2, α12, α21)
   $  # 	
N1, N2

 (
x(1);x(2)
) 	
@C@
   $  # 	 
x(1), x(2)
∣
∣
∣LN1,N2F
2(x(1);x(2)) − F (x(1);x(2))LN1,N2F (x(1);x(2))
∣
∣
∣ ≤ C12(α12, ψ1)
N1
+
C21(α21, ψ2)
N2
.  g
   ¢¢ #¢           % VYOFBOF=kf;O
F
(
(
x(1);x(2)
)
i→j
)
− F
(
x(1);x(2)
)
=
1
N1
(
ψ1
(
x
(2)
j
)
− ψ1
(
x
(1)
i
))
,
F
(
(
x(1);x(2)
)
i←j
)
− F
(
x(1);x(2)
)
=
1
N2
(
ψ2
(
x
(1)
i
)
− ψ2
(
x
(2)
j
))
.
¥§¦¨¥ª©
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! "$# 55
<>=L]@M
LN1,N2F
(
x(1);x(2)
)
=
v1
N1
N1
∑
i=1
ψ′1
(
x
(1)
i
)
+
v2
N2
N2
∑
j=1
ψ′2
(
x
(2)
j
)
+
+
N1
∑
i=1
N2
∑
j=1
α12
N2
· 1
N1
(
ψ1
(
x
(2)
j
)
− ψ1
(
x
(1)
i
))
+
+
N2
∑
j=1
N1
∑
i=1
α21
N1
· 1
N2
(
ψ2
(
x
(1)
i
)
− ψ2
(
x
(2)
j
))
.
   
<>=@Bp
∣
∣
∣LN1,N2F
(
x(1);x(2)
)∣
∣
∣ ≤ |v1| ‖ψ′1‖C + |v2| ‖ψ′2‖C +
+2α12 ‖ψ1‖C + 2α21 ‖ψ2‖C
fYp@l OF=@BwfYMdMFB`FOFTWVYp @
 VYOF=UBwXB2AQAf T\M¤j@`FV;e5B2l  <V jU`dV;eYBfYMdMPB2`POdTV5p @@
 T OTWMnVYpLe5BpUTWBp^OOFV`dBj@`FBRMPB2p5O
LN1,N2 = L
0
N1,N2
+L1N1,N2
fYMOF=@BMF]UA VY 0 lUT B`dBp^OFT\fgX 0
L0N1,N2
fYp@l 0 ab]UA
j 0
L1N1,N2jkfg`FOdM DÒOiT\M#B2f5MPK
OdV¤MPB2BOF=@fgO
L0N1,N2F
2(x(1);x(2)) − 2F (x(1);x(2))L0N1,N2F (x(1);x(2)) = 0.
 BO#]@M#j@`FV;e5BOd=@f;Oi]Up@T §V5`FA
XWK¤Tp x(1), x(2)
∣
∣
∣L1N1,N2F
2(x(1);x(2)) − F (x(1);x(2))L1N1,N2F (x(1);x(2))
∣
∣
∣ ≤ 4α12 ‖ψ1‖
2
C
N1
+
4α21 ‖ψ2‖2C
N2
.
 , 
DÌp¹f5n·O
F 2
(
(
x(1);x(2)
)
i→j
)
− F 2
(
x(1);x(2)
)
=
(
F
(
(
x(1);x(2)
)
i→j
)
− F
(
x(1);x(2)
)
)
×
×
(
2F
(
x(1);x(2)
)
+
1
N1
(
ψ1
(
x
(2)
j
)
− ψ1
(
x
(1)
i
))
)
= 2F
(
x(1);x(2)
)
[
F
(
(
x(1);x(2)
)
i→j
)
− F
(
x(1);x(2)
)
]
+
+
[
1
N1
(
ψ1
(
x
(2)
j
)
− ψ1
(
x
(1)
i
))
]2
.
fYp@lMPTWA
TX\fg`dXK¤§VY`#B$)NjU`dB2MdMFTV5p@M#T Od= (
x(1);x(2)
)
i←j 
<>=L]@M
L1N1,N2F
2(x(1);x(2)) = 2F
(
x(1);x(2)
)
N1
∑
i=1
N2
∑
j=1
α12
N2
·
[
F
(
(
x(1);x(2)
)
i→j
)
− F
(
x(1);x(2)
)
]
¨¨ ¯J@Ï·É·ÈoÎ
5{t  (# 	E	
(  
+
N1
∑
i=1
N2
∑
j=1
α12
N2
·
[
1
N1
(
ψ1
(
x
(2)
j
)
− ψ1
(
x
(1)
i
))
]2
+2F
(
x(1);x(2)
)
N2
∑
j=1
N1
∑
i=1
α21
N1
·
[
F
(
(
x(1);x(2)
)
i←j
)
− F
(
x(1);x(2)
)
]
+
N2
∑
j=1
N1
∑
i=1
α21
N1
·
[
1
N2
(
ψ2
(
x
(1)
i
)
− ψ2
(
x
(2)
j
))
]2
= 2FL1N1,N2F +
α12
N1
N1
∑
i=1
N2
∑
j=1
1
N2N1
(
ψ1
(
x
(2)
j
)
− ψ1
(
x
(1)
i
))2
−
+
α21
N2
N2
∑
j=1
N1
∑
i=1
1
N1N2
(
ψ2
(
x
(1)
i
)
− ψ2
(
x
(2)
j
))2
.
Od=UBmB2MPOFTWAf;OdB
 , §V5XXWV;iM§`FV5A OF=@TWM   B2AQAfQT\M#jU`dV;eYB2l 
 ¢  ¢  ¹N  
sup
t≤T
E (Wψ,N1,N2(t))
2 → 0, N1, N2 → ∞.
   ¢¢   8 M
Vψ,N1,N2
TWM>f~A
fY`POdTp@Z5fgXWB#TOF=A
B2fYpB2`FV  T O#T\MMF]¤nTWBp^O>OFVQjU`dV;eYBOF=@fgOOd=UBB$)NjkBRn 5Oof;OdTV5pVY
∫ t
0
[
LN1,N2F
2
(
x(1)(s);x(2)(s)
)
− 2F
(
x(1)(s);x(2)(s)
)
LN1,N2F
(
x(1)(s);x(2)(s)
)]
ds
OdBp@l@M>OFV
B2`FV  <>=UTWM§V5XXWV;iM§`dVYA Od=UBmB2MPOFTWAf;OFB  gVgOF=@BmXB2AQAf 
   ¢  ¢  @  @¹¢
B    E
1321
       # 4 !;#  #  
 "

 1 
Fψ,N1,N2
(
x(1)(t);x(2)(t)
)
, t ∈ [0, T ],
 0  
   ¢¢ #¢     ¢  ¢  @  @.¢ B   h#BA
TWp@lOF=@fgO#OF=UB§V5XXWV;#TWpUZ~`dBj@`FBRMPB2p5Oof;OdTV5p=UV5XWlUM
Fψ,N1,N2
(
x(1)(t);x(2)(t)
)
= Fψ,N1,N2
(
x(1)(0);x(2)(0)
)
+Wψ,N1,N2(t) +
+
∫ t
0
LN1,N2Fψ,N1,N2
(
x(1)(s);x(2)(s)
)
ds
% VgOdBiOF=kf;OV5]U`(TWpUTOFT\fgXfYMdMP]@AQjUOFTWVYpT\McOd=@f;OOF=UBMPBR[^]UBp@nB Fψ,N1,N2
(
x(1)(0);x(2)(0)
) B2f3LXWKQnVYp 5e5B`dZYBRMf5M
N1, N2 → ∞ 
¥§¦¨¥ª©
 
	
! "$# 5%
_c`dV;eYBpUV; OF=@fgO#OF=UBMFB2[^]UB2p@nB
{
ηN1,N2(t) =
∫ t
0
LN1,N2F
(
x(1)(s);x(2)(s)
)
ds, t ∈ [0, T ]
}
N1,N2
.
T\MOFTWZY=^O s Bm]@MFBmMP]@S@MPBRn·OdTV5p }  5VgOF=@B 8 jUj,Bp@lUT )  CKf5MFMFB`FOFTWVYp @
VgOF=UBXWBA
Af
∣
∣
∣
∣
∫ t
0
LN1,N2F
(
x(1)(s);x(2)(s)
)
ds
∣
∣
∣
∣
≤ C1(ψ, v1, v2, α12, α21) · T ,
Od=L]@M  Od=UBmnVYpklNT OdTV5p"5{cVYOF=UB 8 jUjkB2p@lNT)=UV5XWlUM  <>=UBnVYpklNT OdTV5pt5(fYXWMFV=UV5XWl@M  fYMV5pUBn2fgpjU`FV;e5BOd=@f;O
w′(ηN1,N2 , γ) ≤ 2γ · C1(ψ, v1, v2, α12, α21) ._c`dV;eYBOd=@f;OOF=UBMFB2[^]UB2p@nB {Wψ,N1,N2(t), t ∈ [0, T ]}N1,N2
T\M>OdTZ5=5O   MPTWpUZ VYXWA
VYZ5VY`dV;e McTWp 5BR[^]@fgXWT ObK§V5`sMP]US@A
fY`POdTp@Z5fgXWB2M#TOF=Q`FTWZY=^OsnV5p5OdTpL]UV5]@MOF`of;abBRn·OFV5`FTWB2M¹MFBB;*¾t -   B=@f{eYBOF=UB§V5XXWV;#Tp@ZBRMbOdTAfgOFB  ]@pUT §V5`FA Tp N1, N2 
P
(
sup
t≤T
|Wψ,N1,N2(t)| > C
)
≤
supt≤T E (Wψ,N1,N2(t))
2
C2
<>=@Bp§`FV5A OF=@BnVY`dVYXWX\fg`dK , Od=UBnV5p@lNTOFTWVYp 5RVg 8 jUj,BpklNT )=UVYX\lUM  <>=L]@M
P (|Wψ,N1,N2(τ + θ) −Wψ,N1,N2(τ)| > ε) ≤
E (Wψ,N1,N2(τ + θ) −Wψ,N1,N2(τ))2
ε2
=
=
E
∫ τ+θ
τ
Vψ,N1,N2(s) ds
ε2
≤
≤ θ · (C12(α12, ψ1)/N1 + C21(α21, ψ2)/N2)
ε2
 MPTWpUZOF=UT\MB2MPOFTWA
fgOFB~VYpUBQnfgpwno=UB2n3OF=@B~MF]¤nTWBp^OnVYp@lUT OdTV5pVg 8 XWlNV5]@M  <>=@Bp_c`dVYj,V5MFTOFTWVYp 5RuT\M>jU`dV;eYBRl <>=UT\MinVYp@nX]@lUB2M#fgX\MFVOd=UBmjU`dV^VYVY_c`dVYj,V5MFTOFTWVYp } 
  '     ¢  
 @¹¢
B 
 7B7@  @¹¢
B  
	  1	  E

 !  
1C 
M(t) = (m1(t, x),m2(t, x))
  * 9,+
1#  C !+ E  	 1      $ 	


φ1(x), φ2(x) ∈ S(R)
 E $## *  0 "$ C 
# 
〈M(t), φ〉 = 〈M(0), φ〉 +
+
∫ t
0
〈M(s), (v1φ′1 − α12φ1 + α21φ2, v2φ′2 − α12φ1 + α21φ2)〉 ds,
¨¨ ¯J@Ï·É·ÈoÎ
52v  (# 	E	
(  
*($9
φ(x) = (φ1(x), φ2(x))

  E 41I!
G(x) = (g1(x), g2(x)
  E  #   $
φ(x)
   *   1 
〈G, φ〉 =
∫
g1(x)φ1(x) dx+
∫
g2(x)φ2(x) dx
% VgOFBOd=@f;O#§`dVYA OF=UBm`dBjU`dB2MFBp^Oof;OFTWVYp&¹}Y>fYp@lOF=UBmT\lNB2p5OdT ObKw   TO#§VYXWXWV;iMOF=@fgO
〈MN1,N2(t), φ〉 = Wφ,N1,N2(t) + 〈MN1,N2(0), φ〉 +
+
∫ t
0
〈MN1,N2(s), (v1φ′1 − α12φ1 + α21φ2, v2φ′2 − α12φ1 + α21φ2)〉 ds,
 BO h = h(t) ∈ ΠT = D([0, T ], S′(R) × S′(R)) G2 V5`>E)NB2l φ lUB@pUBOd=UB§]Up@nOFTWVYp@fYX
Jφ,T (h) = sup
t≤T
∣
∣
∣
∣
〈h(t), φ〉 − 〈h(0), φ〉 −
∫ t
0
〈h(s), (v1φ′1 − α12φ1 + α21φ2, v2φ′2 − α12φ1 + α21φ2)〉 ds
∣
∣
∣
∣
.
DÌp j@fY`POdTWn]UX\fg` 
sup
t≤T
|Wφ,N1,N2(t)| = Jφ,T (MN1,N2).
<>=@B`dB2MPO#VgOF=UBmj@`FVLVgTWM#MPOdfYp@lUfY`dl&¹MFBB+*¾r - >fgp@lnV5p@MPT\MPOdM>VgOF=@`FB2BMPOFB2j@M 
 

  2 `dVYA OF=UB lNB@pUTOFTWVYp VY#OFV5jkV5XV5ZYK VYp ΠT TOQ§VYXWXV;iMOF=@fgO Jφ,T (·) : ΠT → R+ T\M~fnVYp^OFTWpL]UVY]kM(§]@p@n·OdTV5p@fgX 
 

1 % VgOFBOd=@f;O
∀ε > 0 P {Jφ,T (MN1,N2) > ε} ≡ P TN1,N2 {h : Jφ,T (h) > ε} → 0 (N1, N2 → ∞)
SLK VYXWA
VYZ5VY`dV;e~TWpUB2[^]@fYXTObKfYp@l : V5`FV5XX\fg`dK ,U
 
 
 8 M
Jφ,T (·)
TWMmnVYp^OFTWpL]UVY]@M  OF=@BpwOF=UB¤MFBO {h : Jφ,T (h) > 0} T\MVYj,Bp&Tp ΠT  DÒO§VYXWXV;iMp@V; OF=kf;O#§VY`ifYpLKXTWA
T OdTpUZj,VYTWp^O
P T∞
VgOF=@B¹fgA
TXWK {
P TN1,N2
}
N1,N2
B=@f{eYB
P T∞ {h : Jφ,T (h) > ε} ≤ lim sup
N1,N2
P TN1,N2 {h : Jφ,T (h) > ε} .
<>=kf;O(T\M  §V5`fgpLK ε > 0 B=@f{eYB P T∞ {h : Jφ,T (h) > ε} = 0  DÌpVgOF=@B`(VY`olUM  fYXXkXTWA
T OdTpUZ~jkV5Tp^OoM
P T∞
VgOF=UB¹fgA
TXWK {
P TN1,N2
}
N1,N2
=@f{eYBmMF]UjUj,VY`FOiVYpOF=@BMPBO {h : Jφ,T (h) = 0}  #=UT\no=nV5p@MPT\MPOdMVYB2f43MPV5X]UOFTWVYp@M>VY!5{ 5 .t5 <>=UT\MinVYA
jUXWBOFBRM>jU`dV^VYVY_c`dVYj,V5MFTOFTWVYp   
<>=UBjU`FV5SUXWBA VY>]@pUTW[^]UB2pUB2MdMmVYOd=UB¤B2f3wMPV5X]NOdTV5p Vgm!5R 5 ÄtYT\M[^]UTOFB¤MFTA
jUXWB¤S,B2n2fg]@MFB
OF=UBMFKNMbOdBA  5R 5 ÄtYT\M# 
  DÌp&OF=UBIL]US@MFB2nOFTWVYp v  tBMF=@fgXWX(MFBBQOF=@fgOOF=@TWMMFKNMbOdBA|Vg@`dMPOmVY`olNB`lUT B`dBp^OFT\fgX¶BR[^]@f;OdTV5p@M>=@fYM#fQ]Up@TW[^]UBnXWf5MFMFTWn2fgX¶MFVYXW]NOFTWVYp#=UT\no=n2fgpSkBmV5SNOdfYTpUBRlTpB$)NjUXWTWnT Oi>f{K 
¥§¦¨¥ª©
 
	
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  
 ,$
 BmjU`dV;eYB=UB`dBm<>=UBV5`FB2A % 
. B@p@B¤OF=@B¤A
B2fgpkM§Af5MFM~nBp^Od`F]UA¤ ai(t) =
∫
xmi(t, x) dx
fYp@l e;fg`dTWfYp@nB¹AQV5A
Bp^OF]UA VY
TWpUB2`POdTWf^
di(t) =
∫
(x− ai(t))2mi(t, x) dx 
2 `FV5A !5{ÄtYBZYBO>Od=UB§VYXWXV;#TWpUZ
B2[^]@fgOFTWVYp@M§V5`>OF=UBmA
B2fYp@M
ȧ1 = v1 + α12 (a2 − a1)
ȧ2 = v2 + α21 (a1 − a2)
DÒO#§V5XXWV;iMOF=@fgOiB2[^]@fgOFTWVYp§VY`
a2(t) − a1(t)
T\M#nXWV5MFB2lfgp@l=@fYMOd=UB§VYXWXWV;#TpUZMFVYXW]NOFTWVYp
a2(t) − a1(t) =
v2 − v1
α12 + α21
(
1 − e−(α12+α21)t
)
+ (a2(0) − a1(0)) e−(α12+α21)t.
<>=L]@M
a2(t) − a1(t) →
v2 − v1
α12 + α21
(t→ +∞)
fYp@lMPTWA
TX\fg`dXK
d
dt
ai(t) →
α21v1 + α12v2
α12 + α21
(t → +∞)
<>=UBmBR[^]@f;OdTV5p@M§VY`#e;fg`dT\fgp@nB2M>fg`dB
ḋ1 = α12 (d2 − d1) + α12 (a2(t) − a1(t))2
ḋ2 = α21 (d1 − d2) + α21 (a1(t) − a2(t))2
E`  B2[^]UTWe;fgXWBp^OFXWK
d
dt
(α21d1 + α12d2) = 2α12α21 (a2(t) − a1(t))2
d
dt
(d2 − d1) = − (α12 + α21) (d2 − d1) + (α21 − α12) (a2(t) − a1(t))2
2 `FV5A OF=@TWM#BZYBO
d2(t) − d1(t) → const =
(
v2 − v1
α12 + α21
)2
· α21 − α12
α12 + α21
fYp@l
d
dt
(α21d1 + α12d2) → 2α12α21
(
v2 − v1
α12 + α21
)2
¨¨ ¯J@Ï·É·ÈoÎ
5R}  (# 	E	
(  
<>=L]@MOd=UB>ZY`dV;>OF=VY@e;fg`dTWfYp@nBRM0T\MsfYMFKLAQjUOFVgOdTWn2fgXWXKXWTp@B2fg`  xVY`dBV;eYB2`  S,VgOd=QfY`FBfYMFK^A
jNOdVgOdTWn2fgXWXKBR[^]@fgX 
% V; BnVYA
BOFVQOd=UBMPV5X]UOFTWVYpVgOF=UBmBR[5]kf;OFTWVYpkM  . B@pUBOd=UB 2 V5]U`dTB2`Od`dfYp@MP§VY`dA
M
mi(x, t) =
∫
exp(ixp)gi(p, t)dp
 BmZYBO
∂g1
∂t
+ v1ipg1 = α12(g2 − g1)
∂g2
∂t
+ v2ipg2 = α21(g1 − g2)
#TOF= TWpUTOFT\fgX0nVYp@lNTOFTWVYpkM
mi(0, x) = mi(x)  i = 1, 2  Bm#`FTOFBOF=@TWMiMFKNMbOdBA TWpOF=UBme5B2nOFVY`§V5`FA
dg
dt
= Ag
#=@B`dB
A =
(
−iv1p− α12 α12
α21 −iv2p− α21
)
2 VY`#B2TZ5BpLe;fgXW]UB2MB=kf{eYB
λ± = −
a
2
±
√
a2
4
− b
#=@B`dB
a = i(v1 + v2)p+ α12 + α21, b = −v1v2p2 + ip(v1α21 + v2α12)Ep@Bn2fgp#`FTOFBOd=UBmMPV5X]UOFTWVYp fYM
g = C+φ+ exp(tλ+) + C−φ− exp(tλ−)
#=@B`dB
φ±
fY`FBiB2TZ5BpN§]@p@n·OdTV5p@M  % VgOFBOF=@fgO§V5`MFAfgXWX p OF=UB2`FBfg`dB#ObV`dVLVgOdM  EpUB=@f5M Reλ− < 0 Od=L]@M#MbOd`FV5pUZYXWKlNBRn`dB2f5MPTWpUZOdB`dA  8 pUVYOF=UB2`iTWM
λ+ = c1p+ c2p
2 +O(p3), c2 6= 0
 52u5
§V5`iMPAfYXX
p 
 BO ξt S,B~f¤`dfYp@lNVYA e;fg`dTWfYSUXBm#TOF=wlNBp@MFTObK m(x, t)  g(k) 5 T OoMno=@fY`df5n·OdB`dTWMPOFT\n§]Up@nOFTWVYp i BfY`FBTWp5OdB`dB2MPOFBRlTWp 1√
t
(ξt − a), a = Eξt  TOdMno=@fg`ofYnOFB`dT\MbOdTWni§]Up@n·OdTV5p TWM
exp(−ia k√
t
)g(
k√
t
)
 MPTWpUZ!5RuYBmZYBO>Od=UBm`FBRMP]@X O 
¥§¦¨¥ª©
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 $#    	


mi(t, x) = fi(x− vt)
$
fi
*  #    


1-
  N      /   0  #/#     E  *(E1
x
(i)
k (0) = 0
$
k = 1, ..., Ni; i =
1, 2
 
 9 0 $/ 1+  	

  9   # -
  ;ms 
<V
jU`dV;eYBOF=UB2VY`dBAM>vfgp@l r~Bm#TWXX¶]kMPBfYpB2AS,B2lUlNBRl xfg`93YV;eno=@fYTp 
   *    	 !

  !# 
: V5p@MFTWlNB2`cOd=UBnVYp^OFTWpL]UVY]kMsOFTWA
Bxzfg`93YV;e
no=@fgTWp ξN1,N2(t) = ξN1,N2(t, ω)  lNBkpUB2lS^KÄrY  fYp@l¤XWBO
τ1(ω) < τ2(ω) < ... < τn = τn(ω) < ...
S,B¤Od=UB`ofgpklNVYA|AQV5A
Bp^OdM~Vg#j@fY`POdTWnXBmab]@AQjkM  <>=UBp τn+1 − τn fg`dB¤T  T  l  `ofgp@lUVYA e;fY`FT\fgSUXWB2MB1)NjkV5pUBp^OFT\fgXWXWKlNT\MbOd`FTWSU]NOdB2l#T Od= AQBRfgp
γN1,N2 = (N1α12 +N2α21)
−1 
 BmTp^Od`FVNlN]@nBmf  1$9$  xfY`35V;e
no=kfgTWp ζN1,N2(n)  n = 1, 2, . . . 
ζN1,N2(n, ω) = ξN1,N2(τn(ω), ω)#TOF=&Od=UB¤MFfYA
B
MPOdfgOFBMFj@fYnB
RN1+N2  <>=UB
T\lNB2f T\MOF=kf;OmOF=@B¤fYMFK^A
jNOdVgOdTWnQS,B=@f{eLTWVY`VgOF=UB¤nVYp 5OdTpL]UV5]@MOFTWA
BQjkfg`FOFT\nXWBQMFKNMbOdBA
ξN1,N2(t)
nfYpzS,B
`FBRlN]@nBRlOdVOd=UBfYMFKLAQjUOFVgOdTWn~jU`dVYj,B`FOFTWB2MVgOF=UB
lUTWMdn`dBOdBOdTA
Bno=@fYTp
ζN1,N2(n)  DÌp@lNBBRl  SLK¤Od=UB  f{HVg  fg`dZYB % ]@AS,B`oM
τn ∼
n
N1α12 +N2α21
(n→ ∞)
DÌp VYOF=UB2`VY`olUM  T  n T\MmXWfY`FZ5B  OF=UB¤e;fYX]UB nγN1,N2 = n (N1α12 +N2α21)−1 TWM~fYMFK^A
jNOdVgOdTWn2fgXWXKBR[^]@fgX@OFVmOd=UBPjU=LKNMPT\nfYX>OFTWA
B
t
fYMdMFVLnTWfgOFBRl~#TOF=¤OF=UBnVYp^OdTpL]UV5]@MsOdTA
Bjkfg`FOFT\nXWBMPKNMPOFB2A
ξN1,N2(t) INTA
TWXWfY`FXWK OdV OF=UBB2A
jUT`dT\nfgXAQBRfgp fgpkl B2A
jUT`dT\nfgXe{fY`FT\fgpknB BTWp^OF`dVNlN]@nB  §VY`Od=UBBA~SkBRlUlNBRlno=kfgTWp 
Xi(n) =
1
Ni
Ni
∑
k=1
x
(i)
k (τn), Di(n) =
1
Ni
Ni
∑
k=1
(
x
(i)
k (τn) −Xi(n)
)2
 e^T\lNB2p5OdXK  Xi(n) = x(i)(τn) fgp@l Di(n) = S2i (τn)  DÌp OF=UB MPBR[^]UBXB MF=@fgXWXlUB2fgX>#TOF= OF=UB2T`B1)NjkBRn·OFBRle{fYX]@B2M
µi(n) = EXi(n), di(n) = EDi(n),fYp@lMP=@fYXX¶p@BB2l fYXWMFVOd=UBmpUVYOdf;OdTV5p
l12(n) = µ1(n) − µ2(n), r(n) = E (X1(n) −X2(n))2
¨¨ ¯J@Ï·É·ÈoÎ
5    (# 	E	
(  
    ')# #%$  % 
' B`dBBjU`dV;eYB<>=UBV5`FB2A v <>=UB§V5XXWV;#TWpUZ~XWBA
AfnfYpS,Bno=UBRn3YB2lSLKf
MbOd`dfYTZ5=^OP§VY`d>fg`olnfgX\n]@XWfgOFTWVYp 
          $4
µi(n)
$C 	   E $## *  0 1#$  	 1
µ1(n+ 1) = µ1(n) + [α12 (µ2(n) − µ1(n)) + v1] γN1,N2 + α12 (v2 − v1) γ2N1,N2
µ2(n+ 1) = µ2(n) + [α21 (µ1(n) − µ2(n)) + v2] γN1,N2 + α21 (v1 − v2) γ2N1,N2
2 VY` l12 OF=UBmBR[5]kf;OFTWVYpT\M#fgX\MPV
XWTpUBRfg`ifYp@lnXV^MPBRl  % fYAQB2XK 
l12(n+ 1) = l12(n) + [− (α12 + α21) l12(n) + (v1 − v2)] γN1,N2 + (α12 + α21) (v2 − v1) γ2N1,N2
= l12(n) [1 − γN1,N2 (α12 + α21)] + γN1,N2 (v1 − v2) [1 − γN1,N2 (α12 + α21)] ,fYp@lOF=L]@M#BZYBO
l12(n) = l12(0)R
n +
v1 − v2
α12 + α21
(1 −Rn)R, !55R
=
v1 − v2
α12 + α21
R+
(
l12(0) −
v1 − v2
α12 + α21
R
)
Rn
 5RtY
#=@B`dB
R = 1 − γN1,N2 (α12 + α21) <>=UBme;fY`FT\fgSUXWB2M
S(n) = α21µ1(n) + α12µ2(n)
fgX\MFV
Mdf;OdTWMP§KOd=UBm`FBRn]U`d`dBp^OBR[^]@f;OdTV5p@M
S(n+ 1) = S(n) + γN1,N2 [α21v1 + α12v2]<>=L]@M
S(n) = S(0) + n
α21v1 + α12v2
N1α12 +N2α21
= S(0) + (nγN1,N2) · (α21v1 + α12v2)
 5!%5
2 `FV5A !5{tY>fgpklw 5!%YOd=UBMbOof;OdBA
Bp^OiVg<>=UBV5`FB2A vQ§VYXWXV;iM 
    ')# #%$ !! #&%) 
  ¢   £  
N @.¢ B   BmV5]UXWlXWT35BOdV
ZYBOnXV^MPB`dB2n]U`F`dBp^O>B2[^]@fgOFTWVYp@M§VY` di(n) 
         $##* 10  41C	 # 
E
(
D1(n+ 1)
∣
∣
∣
(
x
(1)
i (t), x
(2)
j (t), i = 1, . . . , N1, j = 1, . . . , N2
)
, t ≤ τn
)
=
= D1(n) + α12γN1,N2
[
N1 − 1
N1
(
D2(n) −D1(n) + (X1(n) −X2(n))2
)
− 2
N1
D1(n)+
+2
N1 − 1
N1
(
γN1,N2 (v1 − v2) (X1(n) −X2(n)) + γ2N1,N2 (v1 − v2)
2
)
]

    #; "$ C	 $
E(D2(n+ 1) | . . .)
" 9   1 
  1	  

# E 0  !    
1 ↔ 2 
¥§¦¨¥ª©
 
	
! "$# 5 ,
_c`dVLVgcVYcOF=UT\MXB2AQAfTWMfMPOF`ofgTWZY=^OF§VY`dfY`dlnfYXWn]UXWfgOFTWVYp  <f43LTpUZB$)NjkBRn·Oof;OFTWVYpkMTWpOd=UB~fYSkV;e5B§V5`FA~]UX\fgBBmMFBBOF=kf;O#TpOd=UBmB2[^]@fgOFTWVYp@M§V5`
di(n)
OF=@BOFB`dA
r(n)
TWMifYXWMFVQTpLeYV5Xe5B2l 
: V5p@MPT\lNB2`>OF=UBme5B2n·OdVY` w(n) = (d1(n), d2(n), r(n))T s Bm=@f{eYB
w(n+ 1) = Aw(n) + f(n) + g,
 5v^
#=@B`dB
A
T\Mif 
3 × 3  5 Af;OF`dT)  pUVYOilNBj,Bp@lUTpUZV5p n  f(n) TWMifQS,VY]UpklNB2leYBRn·OFV5`§]Up@n·OdTV5p Vg n  gT\M#f
nV5p@MbOofgp^O#eYBRn·OFV5`
A = E + γN1,N2B,
 5RrY
B = B1+B2 =


−α12 α12 α12
α21 −α21 α21
0 0 −2(α12 + α21)

+



−α12/N1 −α12/N1 −α12/N1
−α21/N2 −α21/N2 −α21/N2
α12
N1
+
α21
N2
α12
N1
+
α21
N2
α12
N1
+
α21
N2



,
f(n) = 2 γN1,N2 (v1 − v2) l12(n)−→q N1,N2 , −→q N1,N2 =


0
0
1

+ γN1,N2


α12 − α12/N1
α21 − α21/N2
−(α12 + α21)

 ,
 52}5
g = γ2N1,N2(v1 − v2)2


α12γN1,N2
α21γN1,N2
2

 .
% VgOFBOd=@f;O A, f(n), g lNBj,Bpkl V5p N1, N2 fgpkl V5p VYOF=UB2`Qjkfg`ofgA
BOdB`oM~VYOd=UB AQVNlNB2X  % VgOFBOd=@f;O§VY`MF]¤nTWBp^OFXWKX\fg`dZYB
N1, N2
§T
αij
fg`dBE)NB2l@ifgXWXnV5A
jkV5pUBp^OdMiVgOF=UBe5B2nOFVY` −→q N1,N2 fg`dBj,V5MFTOFTWeYB  <>=UB2p g  OF=UBQnVLVY`olNTWp@f;OdB2M>Vg f fgp@lOd=UBAf;Od`FT)B2XB2A
Bp^OdMVg A fg`dBfgXWX0j,V5MFTOFTWeYB  <>=L]@M_B2`F`dVYp 5 2 `dVYS,Bp@T]@M(OF=@BVY`dK¤T\Mifgj@jUXT\nfYSUXWB 
    g2;   ¢   { @¹  ¢      U @
A
DÒOTWMiB2fYMFKOdV¤no=UB2n3Od=@f;OOF=UBmAf;Od`FT)
B1
=@f5MOF=U`dBB
lUTWMPOFTWp@n·O BTWZYB2pLe{fYX]@B2M
λ1 = −(α12 + α21)  λ2 = 0  λ3 = −2(α12 + α21)   B&#TXWXmMbOd]@lNKf5MPKLA
jNOdVgOFT\nM§VY`Od=UBnfYMFBQ#=UBp
N1 = c1N  N2 = c2N fgp@l N → ∞  . BpUVYOFB ∆ := c1α12 +
c2α21  OF=@fgOiTWM γN1,N2 = (N∆)−1 2 VY`#X\fg`dZYB Ni OF=@BmA
fgOF`dT ) B TWMif
MFAfgXWX¶jkB2`POd]U`FSkf;OFTWVYpVgOF=UBmAfgOF`dT ) B1
B = B1 +
1
N
B2,k = B1 +
1
N



−α12/c1 −α12/c1 −α12/c1
−α21/c2 −α21/c2 −α21/c2
α12
c1
+
α21
c2
α12
c1
+
α21
c2
α12
c1
+
α21
c2



.
 B##TWXXN]@MFB>jkB2`POd]U`dS@f;OdTV5pOd=UBV5`FKmOdVZYBOsB2TZ5BpLe;fgXW]UB2MVg B 62 V5` λ1(N) fYp@l λ3(N) TOcT\MsMP]¤nTB2p5OOdV
#`FTOFB
λ1(N) = −(α12 + α21) +O
(
1
N
)
,
 5  g
λ3(N) = −2(α12 + α21) +O
(
1
N
)
,
 5   
¨¨ ¯J@Ï·É·ÈoÎ
tYu  (# 	E	
(  
=@V;B2eYB`§VY`
λ2(N)
B#TXWX]@MFBOF=UBm`dB2MF]UXO§`dVYA * v -Ä Od=@f;O
λ2(N) =
1
N
(ψ′B2,kφ) +O
(
1
N2
)
,
 5 , 
#=@B`dBOF=UBQnVYXW]UA
peYBRn·OdVY`
φ
TWMiOF=UB~`FTWZY=^OiB2TZ5BpLeYBRn·OFV5`#Vg
B1
#T Od=BTWZYB2pLe{fYX]@B
0  Od=UB`dV;He5B2nOFVY`
ψ′
T\MOF=UBmXWBªOiB2TZ5BpLeYBRn·OFV5`>Vg
B1
#TOF= BTWZYB2p^e;fYX]UB
0  fgp@lA
VY`dBV;eYB2` ψ′φ = 1  EpUBnfYpOof3YB
φ =


1
1
0

 , ψ′ =
(
1 +
α21
α12
, 1 +
α12
α21
, 1
)
/Z, Z = (α12 + α21)
(
1
α12
+
1
α21
)
.
IL]@S@MbOdT Od]NOFTWpUZOd=UB2MFBe;fgXW]UB2MOdV!5 ,   BZYBO
λ2(N) = −
κ2
N
+O
(
1
N2
)
,
Ätgu5
#=@B`dB
κ2 = 2Z
−1
(
α21
c1
+
α12
c2
) Ät 5R
. BpUVYOFB σ1(N)  σ1(N)  σ1(N) OF=@BmBTWZYBpLe;fgXW]UBRM>Vg0Od=UBmAf;Od`FT) A G2 `FV5A| 5Rrg>fYp@lw 5  Y 5 , B=@f{eYBOF=@B§VYXWXV;#TWpUZfYMdMPB2`POdTV5p 
         1 0 $  #    
A

σ1(N) = 1 −
b1
N
+O
(
1
N2
)
σ2(N) = 1 −
b2
N2
+O
(
1
N3
) ÄtYtY
σ3(N) = 1 −
b3
N
+O
(
1
N2
)
,
$ 1

 . 4  -
b1, b2, b3

 Bc#TWXX5pUBBRlfYXWMFVOF=UB(BTWZYBpLe5B2n·OdVY`oM,Vg A  #=UT no=BclUBpUVYOFBcnV5`F`dB2MFj,VYp@lNTWpUZ5XK#SLK e(N)1 , e(N)2 , e(N)3 DÒOT\M
nXWB2fg`QOd=@f;O
OF=@BK fg`dB fgX\MPVzOF=UB BTWZYB2pLeYB2nOFV5`dM~VgiOd=UB Af;OF`dT)
B1 +
1
N
B2,k   B =@f{e5BOd=@f;O
e
(N)
1 , e
(N)
2 , e
(N)
3
fg`dBiMFA
fYXX@jkB2`POd]U`FSkf;OFTWVYpkMsVgOF=@BiBTWZYB2p^e5B2nOFVY`oM
e1, e2, e3
Vg,OF=@BiAf;OF`dT)
B1  8 Z^fgTWp]kMPTWpUZQOF=UBmj,B`FOF]@`FS@fgOFTWVYpOF=UB2VY`dK * v - B=kf{eYB
e
(N)
1 =


−α12
α21
0

+O
(
1
N
)
, e
(N)
2 =


1
1
0

+O
(
1
N
)
, e
(N)
3 =


−α212
−α221
(α12 + α21)
2

+O
(
1
N
)
.
DÒO>TWM>nXBRfg`cOd=@f;O>#TOF=w 5  ;  !5   cT.tYuY(T O>TWMpUVYOlNT ¤n]UXOOFV~@p@l¤B1)NjUXT\nTOFB2XKQOd=UBnVYp@MPOdfYp^OdM bi 
 Bm#TWXXp@BB2lVYp@XK b2 >
b2 =
κ2
∆
=
2
Z
·
α12
c1
+
α21
c2
c1α12 + c2α21
.
Ät%5
¥§¦¨¥ª©
 
	
! "$# t 5
  ¢       @ ¢
B    U    ¢  @ &     @.¢ 
 <>=@B¤MPV5X]NOdTV5pwVYOd=UBB2[^]@fgOFTWVYp !52v5nfYp
S,Bm]UpUT\[^]UBXWK¤#`dT OFOFB2p f5M
w(n) = Anw(0) +
n
∑
j=1
Aj−1f(n− j) + (1 −A)−1(1 −An)g. Ät;v^
<>=@Bm§VYXWXV;#TWpUZ
`dB2MF]UX OMP=UV;iM#OF=@fgOiOF=UB@`dMPOfgpkl XWf5MbOiOdBAMiTWp .tgv5#lNVpUVgOTWp H@]@Bp@nBmOF=UB~fYMFK^A
j 5OdVgOdTWn2M>Vg
w(n) 
         $##* 10   + # E#    $  	
n

 
N
‖Anw(0)‖ ≤ Const,
∥
∥(1 −A)−1(1 −An)g
∥
∥ ≤ Const.
   ¢¢    MPTWpUZQOF=@BmS@fYMFTWM>VYB2TZ5BpLeYBRn·OdVY`oM(VY A Bn2fgp #`dT OdB
w(0) =
3
∑
i=1
kw,ie
(N)
i
<>=@Bp
Anw(0) =
3
∑
i=1
kw,i (σi(N))
n
e
(N)
i .
% VgOdBOF=@fgO sup
N
∥
∥
∥e
(N)
i
∥
∥
∥ <∞  xV5`FB2V;eYB`  |σi(N)| < 1  MbOofg`FOFTWpUZ#TOF= MFVYA
B N. <>=@Bp OF=@B@`oMbOBRMbOdTAfgOFB§VYXWXV;iM  <0V
Z5BO#OF=@BMPBRnVYpkl¤B2MPOFTWAf;OdBmB#`dT OdB
g = γ2N1,N2
3
∑
i=1
k◦g,i(N)e
(N)
i
#TOF= Od=UBnV^B ¤nTWBp^OdM
k◦g,i(N)  S,VY]UpklNB2l TWp N  8 jUj@XKOF=UBVYj,B`of;OFV5` (1 − A)−1(1 − An) OdVOF=UBX\f;OFOFB2`#B$)Nj@fgpkMPTWVYpfgp@lpUVYOFBOF=@fgOiSLK  B2AQAf 5R}
γ2N1,N2
1 − (σi(N))n
1 − σi(N)
≤ Const
N
i = 1, 3,
fYp@l
γ2N1,N2
1 − (σ2(N))n
1− σ2(N)
≤ Const
<>=@BpBmZ5BO>OF=UBmBRMbOdTAfgOFB 
% V; Bm#TXWXfgp@fYXKL2BOd=UBMFB2nV5p@lOFB`dA TWp .t;v^
VN (n) :=
n
∑
j=1
Aj−1f(n− j),
¨¨ ¯J@Ï·É·ÈoÎ
t5t  (# 	E	
(  
% VgOdBOF=kf;OOF=UBQeYBRn·OFV5`i§]Upkn·OFTWVYp f(n)  lUB@pUBRlSLKOF=UB~§VY`dA]@XWfw!5R}Y  T\M 3LpUV;#pzB$)NjUXWTWnT OdBXWK#TOF=Od=UB§VY`dA]@XWf!55R 
 BO ξ1, ξ2, ξ3 ∈ R fg`dBMF]@no=OF=@fgO


0
0
1

 =
3
∑
i=1
ξiei.
<>=@BpBm=@f{e5BTWA
A
B2lNTOFB2XKOF=@fgO
ξ1 =
α21 − α12
(α12 + α21)2
, ξ2 =
α12α21
(α12 + α21)2
, ξ3 =
1
(α12 + α21)2
.
DÒ
ξi(N) ∈ R
T\M>Od=UBnVLB ¤nTB2p5O#TWpOF=UBmB1)Ljkfgp@MFTV5p −→q N1,N2 =
3
∑
i=1
ξi(N)e
(N)
i  Od=UBp V5S^eLTWVY]@MFXWK
ξi(N) = ξi +O
(
1
N
)
, i = 1, 2, 3 .
ÄtYrY
 Bm=@f{e5BOd=UBp
VN (n) =
3
∑
i=1
ξi(N)

2 γN1,N2 (v1 − v2)
n
∑
j=1
l12(n− j) (σi(N))j−1

 e
(N)
i .
CKÄtYrg  fYp@lp@BZYXWB2nOFTWpUZ O ( 1
N
)  B=kf{eYBOF=@fgOs§VY` N → ∞ OF=UBif5MPKLA
jNOdVgOFT\nMVY VN (n) nV5TpknT\lNB2M#TOF=Od=UBfYMFKLAQjUOFVgOdTWn2M>VgOF=UBMF]UA
V 1N (n) :=
3
∑
i=1
ξi

2 γN1,N2 (v1 − v2)
n
∑
j=1
l12(n− j) (σi(N))j−1

 e
(N)
i .
Ätg}5
      
n = Nθ(N)
*($
θ(N) → +∞ A  	     ! V 1N (n)  " 
  $	 E
19
  1   E/ E G  
  9   ## *   9 

91    19
 
h#B2A
Tp@l OF=@fgO
σ2(N)
T\MOF=UB&Af)NTAfYXBTWZYB2pLe{fYX]@BzVgmOd=UB&jkV^MPTOFTWeYBAfgOF`dT )
A  <>=UBp OF=UT\MnVY`d`FBRMPj,VYpklUMcOdV_B`d`FV5p 5 2 `FV5SkB2pUTW]@McOd=UBV5`FK    ¢¢   : VYp@MFTWlUB`OF=@B§VY`dA]UAf !552  DÒB¤fYMdMF]UA
B  Od=@f;O l12(0) < 0  OF=UB2p&§`FV5A v1 < v2 T O§V5XXWV;iMOd=@f;O
f(n) > 0
§V5`(fgXWX
n
§Bi]@MFBiTO(S,BXWV;  xVY`dBV;e5B`  §`FV5A  552sV5pUBinfYpZYBO(OF=@fgOcOF=UB2`FBB1)NTWMPOinVYpkMbOofgp^OdM
C1 > C2 > 0  #=@TWno= lNV
pUVgOlUBj,Bp@lVYp N fgp@l n  MF]@no=OF=@fgO
0 < C2 < (v1 − v2)l12(n) < C1 ∀n,N
Ät  g
<>=L]@M  Od=UBnVLB ¤nTWBp^OVY e(N)2 TWpOF=@BMF]UA .tg}5sT\M(j,V5MFT OdTe5BfgpklnfgpS,BB2MPOFTWA
fgOFBRlQ§`FV5A S,BXWV;f5M
2ξ2C2 γN1,N2
n
∑
j=1
(σ2(N))
j−1 = 2ξ2C2 γN1,N2
1 − (σ2(N))n
1 − σ2(N)
¥§¦¨¥ª©
 
	
! "$# t4%
ILTWA
TX\fg`dXWK  §VY` i = 1, 3 OF=UBQfgS@MFVYXW]NOdBme{fYX]@B2MiVYsOF=UB~nVLB ¤nTWBp^OoMiVg e(N)i TWp OF=@B~MF]UA Ätg}^#nfYpS,BmB2MPOFTWAf;OdB2l§`FV5A fgS,V;eYBfYM
2ξiC1 γN1,N2
n
∑
j=1
(σi(N))
j−1
= 2ξiC1 γN1,N2
1 − (σi(N))n
1 − σi(N)
<>=L]@M  OFVBpklOd=UB
jU`FVLVY(VgcOd=UB
XB2A
A
fTOmTWMMF]¤nTWBp^OOFV nVYA
j@fY`FBOF=UBf5MPKLA
jNOFVYOFT\nMVgOF=UB§V5XXWV;#TWpUZOd=U`dBB§]Up@nOFTWVYp@M
1 − (σ1(N))Nθ(N)
1 − σ1(N)
,
1 − (σ2(N))Nθ(N)
1 − σ2(N)
,
1 − (σ3(N))Nθ(N)
1 − σ3(N)fYp@lOFVMP=UV; OF=@fgOsOF=UB@`oMbOcfYp@lmOd=UB>OF=UTW`ol~fY`FB>MPAfYXXL#TOF=
`FBRMPj,B2nOOFVOF=UBiMFB2nVYp@l  DÒOsTWMsnVYpLeYB2pUTB2p^OOdVnV5p@MPT\lNB2`MPB2j@fg`of;OdBXWKObVznf5MPBRM1>  
θ(N) → ∞, θ(N)/N → 0    θ(N) ≥ cN  fgpkl ]@MPB
 BA
Af 52} s BmVYA
TO#OF=UBRMPBmlNBOdfgTWX\M 
    ¢  @ ¤      @¹¢  ¢     Y2N @¹¢
B  ¢ i   @  @ 5   UN @  B   
: V5p@MFTWlNB2`>pUV; Od=UBfYMFKLAQjUOFVgOdTWn2M§VY`>Od=UBmA
B2fgpkM
R1(t) = ES
2
1(t) =
1
N1
N1
∑
i=1
(
x
(1)
i
)2
(t) −
(
x(1)
)2
(t)
fYp@l
R2(t) = ES
2
2(t) =
1
N2
N2
∑
j=1
(
x
(2)
j
)2
(t) −
(
x(2)
)2
(t).
   ¢¢ ¶¢  
 L¢      h#B2A
Tp@lOd=@f;O¶Od=UBcTWp^OFB`de;fgX\MSkBObB2Bp>ab]UA
j@M0Vg^OF=UB(BAS,B2l@lNB2lno=@fYTp=@f{e5B
B1)NjkV5pUBp^OFT\fgXlUTWMPOF`dTS@]NOFTWVYp #TOF= OF=@BmAQBRfgp
γN1,N2 = (N∆)
−1  OF=UB2p§VY`iX\fg`dZYB N OF=UBnVYpUp@B2n·OdTV5pS,BObBB2plUTWMdn`dBOdBOdTA
B
n
VgOF=UBmB2AS,B2lUlNBRl no=@fgTWpfYp@l fgS@MFVYXW]NOdBOdTA
B
t
TWM
n ∼ t/γN1,N2 = (N∆)t<>=L]@MBnfYpOdf43YB
di( (N∆)t )
TWp@MbOdB2f5lVg
Ri(t)  h#B2A
Tp@lfgX\MPVOF=@fgO d1 fgp@l d2 fg`dB#OF=@B@`oMPOfgpklMFB2nVYp@lnV5A
jkV5pUBp^OdM>VY0Od=UBmeYBRn·OFV5`
w
nVY`d`dB2MFjkV5p@lNTWpUZYXWK 
% V; BnfYp ]@MFBOd=UBXWBA
Af 5    #=@TWno= MF=UV;iMOF=@fgO  f5M t(N) → ∞  Od=UB fYMFK^A
jNOdVgOdTWn2MVY
w( (N∆)t(N) )
nVYTWp@nT\lNB2M>#TOF=Od=UBfYMFKLAQjUOFVgOdTWn2M>VgOF=UBme5B2n·OdVY`
ξ2

2 γN1,N2 (v1 − v2)
(N∆)t(N)
∑
j=1
l12( (N∆)t(N) − j ) (σ2(N))j−1

 e
(N)
2 .
8 M
e
(N)
2 = (1, 1, 0)
T +O
(
N−1
)  Od=UBp
di( (N∆)t ) ∼ 2 ξ2 γN1,N2 (v1 − v2)
(N∆)t(N)
∑
j=1
l12( (N∆)t(N) − j ) (σ2(N))j−1 .
¨¨ ¯J@Ï·É·ÈoÎ
tgv  (# 	E	
(  
<VQ@p@lOF=@BfYMFK^A
jNOdVgOdTWn2M>Vg0Od=UT\M#B$)NjU`dB2MdMPTWVYp  B]@MFBOF=UBm`dBjU`dB2MFBp^Oof;OFTWVYpw!5Rt5  #=@TWno=ZYTWeYBRM
l12(n) = C
′
1,N + C
′
2,NR
n, C ′1,N →
v1 − v2
α12 + α21
, C ′2,N → C ′2,∞ (N → ∞).
% VgOdBOd=@f;O#Od=UB§VYXWXWV;#TpUZ
BRMbOdTAf;OdB=UVYX\lUM>]UpUT§VY`dA
XKTp N fgp@l n
∣
∣
∣
∣
∣
∣
γN1,N2
n
∑
j=1
C ′2,NR
n−j (σ2(N))
j−1
∣
∣
∣
∣
∣
∣
≤ (N∆)−1
∣
∣C ′2,N
∣
∣
∞
∑
j=1
Rn−j = (N∆)−1
∣
∣C ′2,N
∣
∣ · 1
1 −R
≤ Const.
: V5p@MFTWlNB2`>pUV; Od=UBfYMFKLAQjUOFVgOdTWn2M>VgOF=UB§V5XXWV;#Tp@ZQB1)NjU`FBRMFMFTWVYp
2 ξ2 γN1,N2 (v1−v2)
(N∆)t(N)
∑
j=1
v1 − v2
α12 + α21
(σ2(N))
j−1
= 2 ξ2
1
N∆
· (v1 − v2)
2
α12 + α21
·1 − (σ2(N))
(N∆)t(N)
1 − σ2(N)
.
CKzÄtYtg>fYp@l .t4%Y
σ2(N) = 1 −
(κ2/∆)
N2
+O
(
1
N3
)
fYp@lOF=L]@M>Od=UBmjU`dVYSUXWBA T\M>`dB2lN]@nB2lOFV
Od=UBMbOd]@lNK¤VYf5MPKLA
jNOdVgOFT\nM>VY
2 ξ2 (v1 − v2)2
κ2 (α12 + α21)
N
(
1 −
(
1 − (κ2/∆)
N2
)(N∆)t(N)
)
.
% V; Od=UBOF=UB2VY`dBA BRfYMFTXWK§V5XXWV;iM 
   	&#!
   
*) *+#$ #      
   
  

 
 
  '% "#   
 BO {(ξnt , t ∈ [0, T ])}n∈N SkB&f MFB2[^]UBpknBVgm`dB2fYXi`dfYp@lNV5A jU`dVNnB2MdMFB2M#=UT\no= OF`of;abBRn·OdVY`dTBRMfg`dB`dTWZY=^O 5 nV5p5OdTpL]UV5]@MQfgp@l fYlUAQTO¤XWBªO 5 =@fYp@l XTWA
T OoM
§VY`B2eYB`dK 0 < t ≤ T   B#TWXXnVYpkMPT\lNB` ξnf5M`ofgp@lUVYA B2XB2A
Bp^OdM#T Od= e;fgXW]UB2MTp Od=UBI 3YVY`dVY=@VLl&MFj@fYnB
DT (R) := D
(
[0, T ], R1
) #T Od= OF=UB
MPOdfYp@lUfY`dl OFV5jkV5XV5ZYK  . B2pUVgOdB PnT OF=@BwlNT\MbOd`FTWSU]NOdTV5p Vg ξn  lNB@p@B2l V5p OF=UBwAQBRfYMF]U`ofgSUXWBzMFj@fYnB
(DT (R),B (DT (R)))  <>=UB§V5XXWV;#TWpUZ~`dB2MF]UXOnfYpS,B§VY]UpklTWp *5 -Ä
 L¢        E 12$ 9    9 $# C	  # {PnT }n∈N   0 G   $## *  0 -* 
 4 E#  
 $  	
ε > 0
$9
C(ε) > 0
   E
sup
n
PnT
(
sup
0≤t≤T
|ξnt | > C(ε)
)
≤ ε ;
¥§¦¨¥ª©
 
	
! "$# t5r
  $  	
ε > 0
lim
γ→0
lim sup
n
PnT (ξ· : w
′(ξ; γ) > ε) = 0 ,
*($9/$  	 
1C
f : [0, T ] → R 
 	 γ > 0 *   4-G 
w′(f ; γ) = inf
{ti}ri=1
max
i<r
sup
ti≤s<t<ti+1
|f(t) − f(s)| ,
99  1 E
inf
 $ ##

 C  !; E  1  #
[0, T ]
  E
0 = t0 < t1 < · · · < tr = T, ti − ti−1 > γ, i = 1, . . . , r.
<>=UB§V5XXWV;#TWpUZOd=UBV5`FB2A T\MA3LpUV;#pf5MOF=UBMF]¤nTWBp^OinV5p@lNTOFTWVYpVg 8 X\lNVY]kM;* r -Ä
 L¢   ('   
 C   ! E  11 $##*   /$##* 10 
 C
∀ε > 0 lim
γ→0
lim sup
n
sup
τ∈RT , θ≤γ
PnT (|ξτ+θ − ξτ | > ε) = 0 ,
*($9 RT ; E
1$A! +4  1-        0 C#   39  0 T 
    "
  "
' 
$
  
   



  ')%  #&"
 "

hiBA
Tpkl&OF=@fgOQINno=LfY`POd¤MPjkfYnB
S(R)
TWM~f 2 `dB2no=UBO~MFj@fYnB¹nV5A
jUXBOFB¤XWVNnfYXXWKwnVYpLeYB1)&MFj@fYnB  OF=UBOdVYj,VYXWVYZ5KVg¶#=UT\no=T\McZYB2pUB`of;OdB2l~SLKQnVY]Up^OdfYSUXWB#¹fgA
TWXKQVgMFBA
Tp@VY`dA
M  Od=@f;OTA
jUXWTBRMcA
BOd`FTW2fYSUTWXTObK MFBB *5Ru -   DÌpOd=UB~lU]@fgXMPjkfYnB S′(R) VgOFB2A
jkB2`FBRllNT\MbOd`FTWSU]NOdTV5p@MiOd=UB`dBfY`FBfgOXWB2f5MbOiObV¤>f{KNM>OFVlUB@pUBOdVYj,VYXWVYZ5K§S,VgOF= pUVYOiA
BOF`dTW2fgS@XB{ >
5{ * 9,+ 

# 04	V5p
S′(R)  #=UB`dBmfgXWX§]Up@n·OdTV5p@fgX\M
〈 · , φ〉 , φ ∈ S(R)
fY`FBnV5p^OFTWp^]@VY]@M t5  0 

# 04	¤VYp
S′(R)  #=UTWno=T\M#ZYB2pUB`of;OdB2l¤SLKOd=UBMFBOiVgMPB2A
TpUV5`FAM
{
ρA(M) = sup
φ∈A
|〈M,φ〉| : A ⊂ S(R) − bounded
}
.
 BMP=@fYXXnV5p@MFTWlNB2` S′(R) fYMB2[^]UTWjUj,B2l¤#TOF=OF=@BMPOF`dVYpUZOFVYj,VYXWVYZ5K 6. BOdfYTX\M>nfgpSkB§VY]@p@l¤TWp* 52u -Ä<>=UB(jU`FV5SUXWBA VYLTWp^OF`dVNlN]@nTWpUZ>VgLOd=UBI35VY`dVY=UVNl#OdVYj,VYXWVYZ5KiVYpOF=@B(MPjkfYnB
DT (S
′) := D([0, T ], S′(R))>fYMMbOd]@lNTWB2lwTp *   - fYp@l * 5 5 -Ò <>=UB~OFV5jkV5XV5ZYKVYpOd=UTWMMFj@fYnBT\MlNB@p@B2lzf5Mi§V5XXWV;iM   BO {ρA} SkBf¹fYAQTWXWKzVg#MFBA
Tp@VY`dA
M  #=UT\no= ZYB2pUB`of;OdB2MmMPOF`dVYpUZOFV5jkV5XV5ZYKTWp S′(R)  2 V5`B2f5no=&MFBA
TWpUVY`dA ρAlUB@pUBfQj@MFB]klNVYA
BOd`FT\nM
dA(y, z) = inf
λ∈Λ
{
sup
t
∣
∣yt − zλ(t)
∣
∣+ sup
t6=s
∣
∣
∣
∣
log
λ(t) − λ(s)
t− s
∣
∣
∣
∣
}
, y, z ∈ DT (S′),
¨¨ ¯J@Ï·É·ÈoÎ
tY}  (# 	E	
(  
#=@B`dBOd=UBTWpNsTWMiV;eYB`Od=UBMFBO
Λ = {λ = λ(t), t ∈ [0, T ]} VYfYXXMbOd`FT\n·OdXKTp@n`FBRfYMFTp@ZQAfYj@M>VgOF=@BTWp^OFB2`Fe;fgX
[0, T ]
TWp^OFV¤TOdMFBX # [^]UTWjUj,B2l#TOF=OF=UBmOdVYj,VYXWVYZ5KVgsOd=UBjU`dVgabBRn·OdTe5BmXTWA
T O§VY`iOd=UB¹fYA
TXWK
{dA}
OF=@BMPBO
DT (S
′)
S,B2nV5A
B2M#f
nV5AQj@XBOFBXWK¤`dBZ5]UXWfY`OFVYj,VYXWVYZ5TWn2fgX¶MFj@fYnB 
 BO B(DT (S′)) SkBOF=UB
nV5`F`dB2MFj,VYp@lNTWpUZ¤CVY`dBX σ 5 fgXWZYB2SU`of   BO {Pn} S,B~fMFB2[^]UB2p@nBVgcjU`dVYS 5fYSUTWXTObK A
B2f5MP]U`dB2M~VYp
(DT (S
′),B(DT (S′)))  2 V5`B2f5no= φ ∈ S(R) nVYpkMPT\lNB`¤fwAfgj Iφ : y ∈
DT (S
′) → y·(φ) ∈ DT (R)  <>=UB§VYXWXV;#TWpUZ
`dB2MF]UX O#S,BXWVYpUZ^MOFV
D  xTOFV5Af *   -Ä
 L¢   ('      $  E$  	 φ ∈ S(R)  E
1321

{
PnI−1φ
}  C 0  
DT (R)

  $ 12#1
 {Pn} 11#  0 / DT (S′) 
   ;>#
*5 - CTWXXWTWpUZ5MFXB2K¤_ 
: VYpLe5B`dZYBpknBVgj@`FV5S@fgSUTWXWT ObK¤A
BRfYMF]U`FBRM  VY=Up  TWXB2K INVYp@M  5 , }   
* t -. VLVYS k ( I^OFVNno=@f5MbOdTWn_c`dVNnB2MdMFB2M  V5=Up  TWXWBK ILVYpkM  % BcVY`93 
* % - 8 
	 `dBB2pLSkB2`FZ  xfgXWKNMP=UB2e  I  _V5jkV;e  I^OdVNno=@fYMPOFT\nmxVNlNBXVgcxf5MFMFTe5BXWK¤_sfg`ofgXWXB2X0ILTWA]UX\f 5OdTV5p  xfY`35V;e
_c`FVNnB2MdMPBRM#fgp@lh#BX\f;OdB2l 2 TB2XWl@M  5 ,4, r  e  5  pUV  v  jUj  v  % 5 v , u 
* v -  mfgOFV<  _B`FOF]@`FS@fgOFTWVYp<>=UBV5`FK§V5`  TWpUB2fY`EjkB2`dfgOFVY`oM  INjU`FTWpUZ5B`  5 ,  g} 
* r -  TWjUpUT\M :W  fYp@lNTWA : INn2fgXWTp@Z  TA
TOdM#VYDÌp^OFB2`df5n·OdTpUZQ_sfg`FOFT\nXWBILKNMbOdBAM  ILjU`dTpUZ5B`G 5 ,4,   
* } - 8  xfYpUT Oof  IN=@no=UB`dS@f43YV;e  8 MPKLA
jNOdVgOFT\nfgpkfgXWKLMFT\M~VYj@fY`POdTWnXBMFKNMbOdBA #TOF= A
B2fYp 5 kBX\lTWp^OFB2`df5n·OFTWVYp  _c`FB2jU`dTp^O  tYuYu"% 
*   -~ IL=@no=UB2`FS@f43YV;e  8  xfgpUTOdf  ILOFVNno=@fYMPOFT\nj@fY`POdTWnXBMPKNMPOFB2A #TOF= pUVYp 5 XWVLn2fgXAQBRfgp 5 @B2XWl TWp 5OdB`ofYnOFTWVYp  DÌp _c`dVNnBBRlNTWpUZ5M>VYDÌp^O 
: V5pN    V5XA
VYZ5VY`dV;eQfYp@l : VYp^OFB2AQj,VY`ofg`dK¤xfgOF=UB2A
fgOFT\nM  xV5MdnV;  ]@pUB 52} 5 t 5  tguYu"%  jUj  r;v ,5 r5rgu 
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